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Abstract
Cracks reduce the service life of structures. A crack in a structural member introduces local flexibility that would affect vibration 
response of the structure. Both the mode shape and frequency change significantly due to the presence of crack. The objective of 
this paper is to obtain information about the location and depth of transverse open multiple cracks in a rotating cantilever beams. 
Vibration parameter in the form of mode shape of damaged rotating beam is obtained using finite element simulation.  Using 
fractal dimension of mode shape profile, damage is detected. It is also shown that this method can produce satisfactory results 
with some limitation based on profile.  
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1. Introduction
It is essential that structures must carry out its duty throughout its service life. Beam type structures are being 
commonly used in steel construction and machinery industries.  Rotating beams plays an important role in the design 
of various engineering systems such as turbo machinery, wind turbines, robotic manipulators and helicopter blades. 
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However, crack, if present, in structures may threaten its performance to a great extent. It may even cause
catastrophic failures of a structure. This is even more true for rotating blade which may be assumed to be a rotating 
cantilever beam. For this reason, methods allowing early detection and localization of cracks have been the subject 
of intensive investigation during the last two decades. As a result, a variety of analytical, numerical and experimental 
investigations now exist.
The vibration-based damage detection is an effective method due to its simplicity of implementation and ability 
of acquiring both the global and local information of structure. Douka et al. [1] presented a simple method for crack 
identification in beam structures based on wavelet analysis. The fundamental vibration mode of a cracked cantilever 
beam was analyzed using continuous wavelet transform and both the location and size of the crack were estimated.
Nahvi and Jabbari [2] have developed an analytical, as well as experimental approach for crack detection in 
cantilever beams by vibration analysis. Loutridis et al. [3] proposed a new methodology for crack detection in beam 
based on instantaneous frequency and empirical mode decomposition. Douka et al. [4] presented crack identification 
in beam structures based on fractal dimension analysis. Lestari and Qiao [5] adopted the method of debonding and 
core cursing in composite honeycomb sandwich beams to evaluate the location and relative size of cracks in beams.
Pennacchi et al. [6] presented a model-based transverse crack identification method in rotating shaft suitable for 
industrial machineries. The free and forced vibration analysis of a cracked beam was studied by Orhan Sadettin [7] 
in order to locate the crack in a cantilever beam. Single and two edge cracks were evaluated. Zong and Oyadiji [8] 
proposed a new approach for damage detection in beam-like structures with small cracks without baseline modal 
parameters. Jiang et al. [9] stated a new method for crack detection in beams using the slop of mode shape. Bai et al. 
[10] used fractal dimension analysis of higher order mode shape for damage identification of beam structures.
From the literature review, it is evident much work has not been carried out for crack detection of rotating beams. 
In the present paper, an attempt has been made to detect the presence of a crack in rotating cantilever beam, and
determine its location and size, based on fractal dimension analysis. First modal analyses are performed with help of 
ANSYS software. Subsequently, change in mode shape corresponding to the change in crack depth and location are 
evaluated for crack detection by fractal dimension (FD) analysis.
2. Methodology
2.1. Finite element analysis
In the following section FEM is analysed for vibration analysis of a cantilever-cracked beam
Fig. 1 View of a crack beam element subjected to axial and bending forces
The relationship between the displacement and the forces can be expressed as
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where uj í ui = effective linear displacement due to the application of axial force Uj and Ui and șj í și =
effective angular displacement due to the application of bending moment Øj and Øi . The overall flexibility
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matrix Covl can be expressed as
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where C11 = deflection in direction 1 due to load in direction 1; C12 = deflection in direction 1 due to load
in direction 2 = C21; and C22 = deflection in direction 2 due to load in direction 2.
The displacement vector in equation (1) is due to the crack.
The forces acting on the beam element for FEM analysis are shown in Fig. 1.
Under this system, the flexibility matrix Cintact of the intact beam element can be expressed as
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The displacement vector in equation (3) is for the intact beam. The total flexibility matrix Ctot of the cracked beam 
element can now be obtained by
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Through the equilibrium conditions, the stiffness matrix KC of a cracked beam element can be obtained
1 T
C totK DC D
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Where D is the transformation matrix and expressed as
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The results of the FEA for the first three mode shapes of the cracked beam are applied for FD analysis.
  Free vibration analysis of a cracked rotating cantilever beam (Fig. 2) is carried out using ANSYS 13. The 
material properties of the beam are shown in Table 1. A beam model with three dimensional V-shapes edge crack is 
created as shown in Fig. 3. A 20-node three dimension structural solid element (SOLID 186) is selected to model the 
beam. The crack is modeled with a 1 mm width on the top surface of the beam. Left end of the beam is placed 50 
mm from global origin in X direction. Rotational conditions are modeled in ANSYS by applying angular velocity 
about Y axis at global origin. The Block Lanczos mode extraction method is used to calculate the natural frequencies 
and corresponding mode shapes of the beam.  The first, second and third mode shapes corresponding to various 
crack locations and depths corresponding to different rotational speed are obtained. The first three mode shapes for 
transverse vibration of cracked beams are plotted in Fig. 4 for subsequent application of fractal dimension technique 
for crack detection.
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         Table 1 Material and Geometrical Property 
Density
(Kg/m3)
Poisson Ratio Elasticity 
Modulus
(GPa)
Length
(mm)
Thickness
(mm)
Depth
(mm)
Distance of fixed end 
from rotational axis 
(mm)
2700 0.33 69 500 15 10 50
Fig. 2 Rotating cantilever beam
                                  
  
Fig. 3. Finite element modelling of the cracked beam                Fig. 4. The first three mode shapes of cracked beams for rotational speed 100 rad/s
2.2 Fractal Dimension (FD) method
Fractal Dimension (FD) has become an efficient tool to extract damage information from mode shapes 
data. Damage induces changes in the dynamic properties of a structure causing irregularity of local mode shape. 
This irregularity produces abrupt peak composed of high-magnitude estimates of FD, with the position and 
magnitude of the peak indicating the location and severity of the damage in a quantitative manner. Among the 
various waveforms of fractal dimensions available, the Katz’s fractal dimension is used as a quantitative measure of 
the local variation of geometry complexity of the mode shape in the space domain, due to its easy and simple 
implementation.
The Fractal Dimension ((D) of a curve may be defined as
10
10
log ( L )D
log ( d )
 (8)
where L is the length of the curve or sum of distances between successive points and d is the diameter estimated as 
the distance between the first point of the sequence and the point of the sequence that provides the furthest distance. 
Mathematically,
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The FD computed in this manner depends on the measurement unit used. If the unit is different then the 
magnitude of FD differs. Katz’s approach solved this problem by dividing the length by average step or average 
distance between the successive points, a . Therefore, normalization results in 
10
10
log ( L / a )D
log ( d / a )
 (11)
If n is defined as the number of steps in the curve, then n = L/ a .
The equation (4) may be written as
10
10 10
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                                                          (12)
FD analysis has become a growing tool for detecting damage. The sharp peak of the FD curve indicates 
irregularity at that point or in other words, the location of the damage. However, when the second and third mode 
shapes are considered for damage detection, the above FD approach may give some misleading peak information in 
the location of maximum and minimum point of a curve profile. To overcome this deficiency, some adjustment is 
applied on the FD method. Values of abscissa of all points in detecting mode shape curve are multiplied by same 
scale factor. The method is expressed as 
*
i ix sx 
*
i ix sx (13)
where *ix
*
ix is the new i th sampling abscissa and s is the scale factor. In the present investigation, FD analysis is 
carried out on mode shape obtained from the FEM analysis of vibrating rotating beam.
3. Result and discussion 
3.1 Finite element result
Free vibration finite element analysis is carried out on a series of cracked beams. The depth of the crack is varied 
from 1mm to 5 mm with different location starting from 50 mm to 450 mm from fixed end. Four different rotational 
speed 50 rad/s, 100 rad/s, and 200 rad/s of beam are considered for the analysis. A few mode shape plots are shown 
in Fig. 4.
3.2. Identification of crack by fractal dimension (FD) analysis
3.2.1 FD analysis in different resolution
FD analysis is performed on the first mode shape of a rotating beam in three different resolutions, namely, 20, 2 
and 1 meaning 20 sampling point per cm, 2 sampling point per cm and 1 sampling point per cm. respectively. Beam 
is rotated at 100 rad/s speed. Corresponding to three resolutions, modal displacement data are sampled from the top 
surface of beam at a distance interval of 0.5 mm, 5mm and 10 mm of the cracked beam having crack of depth 3mm 
at a distance 50 mm from fixed end. It has been observed from Figure 5 that better result is obtained when the 
analysis is done in higher resolution (20) with scale factor 1.
3.2.2 Identification of crack different location by FD analysis
An attempt is also made to determine the efficacy of the technique for the detection of the presence of multiple 
cracks in a rotating beam. A rotating beam having two identical cracks of depth 3mm at a distance of 250 mm and 
450 mm from fixed end is taken for the analysis. Rotational speed of the beam is taken as 100 rad/s. As before, first 
mode shape is used for FD analysis with resolution 20. From Fig. 6 (a) it is evident that there is a crack at a distance 
of 250 mm from fixed end. However, no crack is observed at a distance of 450 mm from fixed end [Fig. 6 (b)].
In order to overcome this difficulty, instead of first mode shape, second and third mode shape of the rotating 
beam are used for FD analysis with resolution 20 and scale factor 1.
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a          b c
           
Fig. 5. FD plot for same crack beam with different resolution (a) resolution = 20; (b) resolution =2 ;(c) resolution =1
           a                         b
                                                          
Fig. 6.  FD plot at two locations (a) 250 mm from fixed end; (b) 450 mm from fixed end
        a            b  
                                                        
Fig. 7.  FD plot at two locations with s=1 (a) second mode shape; (b) third mode shape
Figures 7(a) and 7(b) show the results. But there is no evidence of crack at location 450 mm from fixed end. On 
the contrary, a few misleading peaks are observed in the FD plot in the location of maximum and minimum point of 
the curve profile. When scale factor is increased to10 distinct peaks are observed at 450 mm (Figure 8). It is also 
evident from the result that better results are obtained when FD analysis is performed on second and third mode 
shapes but no evidence of crack  in case of first mode shape (Figure 8a).
3.2.3 FD analysis with different crack depth at same location
Investigation is also made with different crack depth. Accordingly, four cracked beam are taken having 2 mm, 4 
mm and 5 mm crack depth at crack location of 50 mm from fixed end. Rotational speed of the beam is kept at 100 
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rad/s. based on the previous observation, third mode shape is taken as input of FD analysis for subsequent analysis.
FD analysis result is shown in Figure 9. Result shows that estimated value of FD is increasing with the increase in 
crack depth. 
   a                                                                              b c
            
Fig. 8.  FD plot at crack locations 450 mm from fixed end with scale factor =10 (a) first mode shape (b) second mode shape; (c) third mode shape
3.2.4 FD analysis for different rotating speed of same cracked beam
A cracked beam is taken with 5 mm crack depth at crack location 50 mm from fixed end. Now the beam is 
allowed to rotate in three different speeds, namely, 50 rad/s, 150 rad/s, and 200 rad/s. FD analysis is carried out on 
the third mode shape of the rotating beam with scale factor 10 and resolution 20. Figure 10 shows that values of 
maximum coefficient are nearly equal for all the rotating speeds.
3.2.5 FD analysis for beam with multiple cracks
Lastly, investigation is carried out for a rotating (100 rad/s) cantilever beam with three cracks. Locations of 
cracks are 50 mm (near fixed end), 250 mm (at middle) and 450 mm (near free end) from the fixed end. The crack 
depth is 3 mm depth for all cases. Both second and third mode shapes results are used for FD analysis. Result shows 
(Figure 11) that in case of second mode shape estimated value of FD is more corresponding to crack position at 
middle position whereas FD is so small corresponding to crack position near free end that crack at this position is 
undetected. However, for third mode shape estimated value of FD is more corresponding to crack position near fixed 
end and free end while value of FD at the middle position is negligible. Therefore, in order to detect the crack 
properly, results of both modes are to be considered otherwise there could be a chance of omission.
    a           b c
            
          
Fig. 9.  FD plot for different depth crack with s=10 (a) 2 mm; (b) 4 mm; (c) 5 mm
4. Conclusion 
The dynamic behaviour of beam structure undergoes changes in presence of crack. Using these characteristics of a 
vibrating beam, a new technique, Fractal Dimension Analysis, has been employed for identification of crack in a 
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rotating cantilever beam. From the results, it is evident that FD analysis can be used for detection of crack location 
and its depth from the deformation profiles of the rotating mode shapes. The inaccuracy in input signal may produce 
the noise during data processing leading to misleading or false reporting of damage in beam. It is shown that higher 
resolution may be employed as possible measures for noise reduction. In some cases, it is better to apply FD on 
more than one mode for meaningful detection of multiple cracks in a rotating beam. 
a     b         c 
  
                  
Fig. 10.  FD plot for cracked beam at crack location 50 mm from fixed end with 5 mm crack depth for different rotational speed (a) 50 rad/s; 
(b)150 rad/s; (c) 200 rad/s
     a                          b
                                                           
Fig. 11. CWT plot of triple cracked beam with 3 mm crack depth (a) second mode shape; (b) third mode shape
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